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Abstract 

We prove a realization of the local Langlands correspondence for two-dimensional represen- 
tations of a Weil group of conductor three in the cohomology of Lubin-Tate curves by a purely 
local geometric method. 

Introduction 

Let K he a non-archimedean local field with a finite residue field k of characteristic p. Let p be 
the maximal ideal of the ring of integers of K. We take an algebraic closure K^'^ of K. Let K^'^ 
be the maximal unramified extension of K inside K'^'^. Let K'^'^ and K'^'^ denote the completion of 
K'^'^ and iiT"'' respectively. For a natural number n, we write LT(p") the Lubin-Tate curve with full 
level n structure over K^". We write Wk for the Weil group of K. Let D be the central division 
algebra over K of invariant 1/2. Let £ be a prime number different from p. We take an algebraic 
closure of Q^. Then the groups Wk, GL2{K) and Z?^ act on lim^ i?i(LT(p")£.,, and 
these actions partially realize the local Langlands correspondence and the local Jacquet-Langlands 
correspondence for GL2. This realization was proved by Carayol in |Ca) using global automorphic 
arguments. However there is no known proof using only a local geometric method. 

In this paper, we give a purely local proof of a realization of the local Langlands correspondence 
for two-dimensional M^x-representations of conductor three, using a calculation of a semi-stable 
reduction of a Lubin-Tate curve in [iTj . We note that three is the smallest integer which is a 
conductor of a primitive two-dimensional Wi<--representation. The calculation in |IT) is done by 
purely local methods. One more ingredient of the proof is a result by Mieda in |M2| . where a 
realization of the local Jacquet-Langlands correspondence is proved by purely local methods. In 
|IT| . the actions of Wk and on a. Lubin-Tate curve are calculated in some sense. Using the 
calculation, we can study representations of Wk and in the cohomology of Lubin-Tate curves. 
On the other hand, we have already known relation between representations of GL2{K) and in 
the cohomology by the result of |M2j . Therefore, we can study the relation between representations 
of Wk and GL2 [K] in the cohomology. This enables us to show a realization of the local Langlands 
correspondence in the cohomology of Lubin-Tate curves. 

In the study of a realization of the local Langlands correspondence for GL2, the most difficult 
and interesting case is the dyadic case, which means the case where p = 2. A proof in the case where 
p is odd is similar and easier. Therefore, we have decided to write a proof only in the dyadic case. 

In the dyadic case, the irreducible two-dimensional Wif-representations of conductor three are 
primitive. Construction of the local Langlands correspondence for primitive representations in jKu] 
uses Weil representations (cf. [BHi §12]). On the other hand, our descriptions of representations 
of GL2{K) in the cohomology of Lubin-Tate curves are given by cuspidal types. Therefore, it is a 
non-trivial problem to check that the described representations in the cohomology actually give the 
local Langlands correspondence. 

We explain the contents of this paper. In Section [1] we recall definitions of Lubin-Tate curves, 
and give an easy consequence of a result in |M2j . In Section [21 we recall a calculation of a semi-stable 
reduction of a Lubin-Tate curve in IITI. 
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In Section 131 we study cohomology of an elliptic curve, which appears in the semi-stable reduction 
of the Lubin-Tate curve. The cohomology of this elliptic curve gives a primitive M^^-representation 
of conductor three. We give also an explicit description of this primitive representation. 

In Section m we show that a correspondence of explicitly described representations appear in the 
cohomology of Lubin-Tate curves. In Section[Sl we show that the correspondence obtained in Section 
mis actually the local Langlands correspondence by calculating epsilon factors. In other word, we 
give a description of the local Langlands correspondence via cuspidal type for representation of 
conductor three. To determine the sign of an epsilon factor, we calculate Artin map for a wildly 
ramified abelian extension with a non-trivial ramification filtration. 
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In this paper, we use the following notation. For a field F, an algebraic closure of F is denoted by 
F'^'^ and a separable closure of F is denoted by F^'^p. Let K he a. non-archimedean local field. Let 
Ok denote the ring of integers and k the residue field of characteristic p > 0. Let p be the maximal 
ideal of Ok- We fix a uniformizer zu of K. Let q — \k\. For any finite extension F of K, let Gp 
denote the absolute Galois group of F, Wp denote the Weil group of F and Ip denote the inertia 
subgroup of Wp- Let iiT"'' denote the maximal unramified extension of K in K'^'^. The completion 
of K^"^ and K'^'^ is denoted by K'^'^ and if"'' respectively. We write O j^^^ and O for the ring of 
integers of K^"^ and iiT"' respectively. For an element a G O , we write d for the image of a by 
the reduction map O^fac — >■ k'^- Let v{-) denote a valuation of if such that v{w) — 1. Let \-\k be 
the absolute value of K such that \zu\k — ■ For a, 6 € K^'^ and a rational number a £ Q>o, we 
write a = b (mod a) if we have v{a — b) > a. For a local ring A, the maximal ideal of A is denoted 
by niA- For an irreducible reduced curve X over k'^'^, we denote by X'^ the smooth compactification 
of X, and the genus of X means the genus of X'^. For an affinoid X, we write X for its reduction. 
The category of sets is denoted by Set. For a representation tt of a group, the dual representation 
of TT is denoted by tt*. We fix tuq e K""" such that tUQ^'"^^ = w, and rn"^/(6(i'i)) denotes ru^ for 
any integer m. 

1 Lubin-Tate curve 

Let n be a natural number. We put 



In the following, we define the connected Lubin-Tate curve Xi(p") with level Ki{p^''). 

Let S denote the unique (up to isomorphism) formal Ox-module of dimension 1 and height 2 
over k^'^. Let C be the category of Noetherian complete local O^u^- algebras with residue field k'^'^. 
For a one-dimensional formal O^-module = Spi A[[X]] over A £ C and an element a g Ok, we 
write [a]jr[X) € ^[[^]] for the a-multiplication on J^. For a formal one-dimensional O^-module 

= Spf ^[[^]] over A E C and an A-valued point P of J^, the corresponding element of uia is 
denoted by x{P). We consider the functor 



where is a formal O^-module over A with an isomorphism t: S ~ J-®a k^'^ and P is a tn^-torsion 
point of J- such that 



Notation 




n {X-x{[a]AP))) [r^"]AX) 
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in This functor is represented by a regular local ring 7?.i(p"). We write Xi(p"') for Spf 7Ji(p"). 

Its generic fiber is denoted by Xi(p"), which we call the connected Lubin-Tate curve with level 
Ki{p"^). The space Xi(p") is a rigid analytic curve over K^'^. We can define the connected Lubin- 
Tate curve X(p") with full level n structure by changing P to be an Oi<--module homomorphism 
(j): (Ok/P")^ ruA such that 



n (^-'^(«)) 

ae(OA-/P")^ 



in We can define also the Lubin-Tate curve LT(p") with full level n structure by changing 

further C to be the category of O^^, -algebras where w is nilpotent, and i to be a quasi-isogeny 
E (g)fcac A/pA -J> J"(g)A A/pA. We consider X(p") and LT(p") as rigid analytic curves over K™ . 

Let D be the central division algebra over K of invariant 1/2. We write Od for the ring of 
integers of D. For a positive integer m, let Km be the unramified extension of K of degree m and 
km be the finite extension over k of degree m. Let n € Ga\{K2/ K) be the non-trivial element. The 
ring Od has the following description; Od = Ok2 © '■P^K2 with ip^ = w and a^p = (pa'^ for a G Ok2- 
We define an action of Od on S by ({X) = (X for ^ e fiq2_i{OK2) and <y5(X) = X'^. Then this give 
an isomorphism Od — End(I]) by |GH[ Proposition 13.10]. By this isomorphism, we can define a 
left action of O^ on Xi(p") and X(p"). ^ _ 

Let £ he a prime number different from p. We take an algebraic closure of Q^. We put 
Hlrj, = lim^i?^i(LT(p")£,-„,Qf). Then we can define an action of GL2{K) x W^/f x on Hl^. (cf. 
[Dal 3.2, 3"3]). _ 

We write Irr(D^ , Q^) for the set of isomorphism classes of irreducible smooth representations of 
over Q^, and Disc(GL2(-ft^), Q^) for the set of isomorphism classes of irreducible discrete series 
representations of GL^iK) over Q^. Let JL: Irr(_D^,Q^) — > Disc(G'L2(-^), Q^) be the local Jacquet- 
Langlands correspondence. We denote by LJ the inverse of JL. Let Nrd^/if : — > be the 
reduced norm map, and TkId/k'- D ^ K he the reduced trace map. The following proposition 
follows from a result in |M2| . which is proved by local methods. We note that the characteristic of a 
local field is assumed to be zero in |M2j . but the same proof works in the equal characteristic case. 



Proposition 1.1. For a cuspidal representation tt of GL2{K) over Q^, we have 

HomGL,(if)(i?iT,^)-LJW®' 

as representations of . 



Proof. Let be the central character of tt. We take G such that = uJt^Izu). We define a 

character Ctt of G 
de D"". We put 



character of GL2(X) by C^(ff) = cj'^'''^'^^\ and a character of by ^^(d) = c^^^Nrdo/^ld)) 



ff^,^ = limi7^((LT(p")/ti7^)^..,Q,) 

n 

for non-negative integer i. Then we have 

HomGL2(K) [HIt, tt) ~ HomGL2(if)(-f^LT,t^: tt ® C^) ® C^r 

as representations of Z?'* by arguments in |St[ 3.3]. In the Grothendieck group of finite-dimensional 
smooth representations of 13^, we have 

^ (_l)^+J-i Ext^g^^(^)/^,(77^^T,^, ® C') ® = HomGL,(K)(^fLT,^, 7^ ® C') <55 



by [Ml[ Theorem 3.7] and the injectivity of cuspidal representations. Therefore, the claim follows 
from [MH Definition 6.2 and Theorem 6.6], because LJ(7r ® C'^) «) Ctt = LJ(7r). □ 
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2 Semi-stable reduction of Xi(p^) 

From now on, we assume that p ~ 2. The dual graph of a semi-stable reduction of Xi(p^) in the 
case where q is even is the following: 

■7'^ 

1,2 ^1,1 2,1 




where fc^ = {Ci 



, Cg2-i}, fc"" = {CI, • ■ • , Cg-il, Yi,2 and ¥2,1 are defined by x'^y - xif = 1, Z^ ^ 



and are isomorphic to P^ac, and X^^^/ are defined by z + z 



For a finite extension K' of if, let Art/f : i^T'^ ^ W^*? be the Artin reciprocity map normalized 



so that the image by Art^-/ of a uniformizer is a lift of the geometric Frobenius. 
homomorphism |-| : Wk ~> Q>o by the composition 



We define a 



Wk 



l-U- 



!!>0- 



We put S = k2 X fc ^ and 



{Wk X = {{<j,d) eWK^D^^l \NTdD/K{d)\K ■ = 1}. 

Then {Wk x D^)" acts on Xi(p^). It induces an action of {Wk x D^)° on JJ^^ ^,jg^X^ For 
(T G Wk, let r^r be an integer such that \a\ = q"^" . Let x be a semidirect product where 
cr S acts on by d i— )■ ip^" dip~^" . Then we have an isomorphism 



>^Wk ^ {Wk X D''f;{d,a) ^ {a,dip-^-). 



(2.1) 



By this isomorphism x Wk acts on c')gs "^C C" ^^^^ describe this action. 

For d G O^, we put = c?i and K2{d) = —d2/d\, where d = di + Lpd2 with c?i G C*]^^ and 

d2 e Ok2- We take (C,C') G S. We put = Trfe,/F2(C^"«C'"^'«2(rf)) for d G 0]^. We briefly recall 
the definition of Cs.o-, v„ and /Xo- for a e from IT, Section 6.2.2]. Consult there for detailed 
discussions. Let C' e ^^q-l{K) be the lift of C'. Wc choose C" e A*3(g-i) (^"') such that ("^ = C"^- 
We take 6 e K'"' such that J"* - 5 = l/{C"w^/^) and fei/^^ = (mod 0). We take 9 € K'"' 

such that 9^ -9 = S^. Note that w((5) = -1/12, v{9) = -1/8 and S e K{C"w'^/^,9). 

Let cr e H/K in this paragraph. We put C3,<t = CT(C"n7i/3)/(^"roi/3) ^ H3{K'''). We take 
i^<T € ^J■3{K''') U {0} such that ct((5) = C3 l{S + v„) (mod 5/6). We choose Cs e ^K™) such that 
C3 7^ 1. Then, we can take e A*3(^'"') U {0} such that = cr(6') - 6* + i^^^ + + ^{Cs) - Cs 
(mod 0+). 



We put Act = (T(n7 



1/(2(9-1)) 



)/tn 



1/(2(9-1)) 



A: -> fc"" by A(ct) = A,,. We put 



e fJ.2{q-i){K^'^) for (T G W^K. We define a character 



/3 



e GL3{¥i) 



We note that |Q| — 24. Let Q x Z be a semidirect product, where r G Z acts on Q by ^(a, /3, 7) 
(7(0;* ,7* ). Let k2 X Gal(fc2/fc) be a semidirect product with a natural action of Gal(fc2/fc) on 
'4 as a subfield of k2 C fc*"^. Let Fr^ be the g-th power Frobenius map on k^'^. 



fcj . We consider 
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Then (Q x Z) x (fc^ x Gal(fc2/fc)) acts on JJ^,^ ^,-)g^X^ ^/ as a scheme over fc, where the action of 
(((7(a, /3, 7), r), (a,Fr^)) G (Q x Z) x x Gal(fc2/fc)) induces the isomorphism 

where we describe a bijection on /c'^'^-valued points. 

Proposition 2.1. T/ie action of x on |,,^g_jX^ ^, gwes i/ie homomorphism 

S^' : X ^ (Q X Z) X (fca'' x Gal(fc2/fc)); 

((g(l,0Jrf)g(C3,.,C3%^':C3,.M<.),''-),('*i(c«)A.,Fr-'-')). 

Proof. This follows from IT, Proposition 5.4 and Proposition 6.12]. □ 

Let O^' : Wk — > Q x Z be the composite of S^^^'Ivi/k with the projection to Q x Z. By [IT[ 
Proposition 6.13], the map 0^' gives an isomorphism W{K^'-'{ru^/^,9)/K) ~ Q x Z and a finite 
extension of K inside K™{w^^'^, 9) corresponds to a finite index subgroup of Q x Z. 

3 Cohomology of elliptic curve 

Let £ be an odd prime number. We fix an algebraic closure of Qf. In the sequel, we consider 
representations of groups over Q^. We put Qg = {.9(lj/3,7) € Q}, which is a normal subgroup of Q 
of order 8. Let C4 C Qg be the cychc subgroup of order 4 generated by 5(1, 1, 7) for 7 G F4 \{1}. Let 
Z G Cihe the subgroup consisting of g(l, 0, 7) with 7^ + 7 = 0, which is the center of Q. We take a 
faithful character of C4. By BH. 22.2 Lemma], there exists a unique irreducible two-dimensional 
representation r of Q such that 



TrT(g(a,0,0)) = -l (3.1) 



for a £ F4 \{1}. Let C3 C Q be the cyclic subgroup of order 3 consisting of g{a, 0, 0) with a G F4 . 
Then we have 

T = Indg^0-Indf,c'3('^l^®lc3) (3.2) 

by dHl 16.4 Lemma 2.(4)] and a proof of [BHl 22.2 Lemma]. 

Let / be the degree of the extension k over F2. We choose (— 2)^/^ ^ define a two- 

dimensional representation of Q x 2Z C Q x Z so that t^|q ~ r and {g{l, 0, 0), 2) G Q x 2Z acts by 
a scalar multiplication (— 2)"^''. In the following, we will define a two-dimensional representation Tq 
of (5 X Z such that Tq\Qx2Z — t^. We define a character (j^o of Q x Z by sending (g, n) to {—2)^"^^q~'^ . 

First, we consider the case where / is even. Then Q x Z is the direct product Q x Z. We define 
Tq so that (5(1, 0, 0), 1) G Q X Z acts by a scalar multiplication {~2)~^^^. We define a character 0i 
of C4 x Z by (/)i(g, n) = (t){g)(po{g, n). Then we have r^lg^xz Ind^^^| 0i. 

Next, we consider the case where / is odd. We assume that / is odd, until the end of Lemma 
13.31 Let C C Qs X Z be the subgroup which consists of (5(1, /3, 7), n) satisfying (7(1,/?, 7) G C4 if 
n is even, and g(l, /3, 7) ^ C4 if n is odd. We note that the index of C in Qg x Z is two. We take 
ry G satisfying rf -f {—2)''^^'^^/'^rj + q = Q. We note that rj^ = —q^- We define a character of 
C by sending (3(1,(3,(3),!) to rjq-^ and (.g(l, 0, 0), 2) to -q''^. We note that (g(l, C3, C3), 1) and 
((7(1, 0, 0), 2) generates C as a group. 

We define a character (j)2 of {Z x C3) x Z C Q x Z so that 4>2\zxC3 — 4'\z ^ Ica and <j)2 sends 
(g(l,0,0),l) to {-2y^^q-\ We put Cg = Z x C3. 

Lemma 3.1. The representation IndiQ^^^ (f>2 is irreducible, and there is a surjective homomorphism 

Indg>^^0i->Indar^z<^2. 
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Proof. First we note that Ind^^^^i and Ind^^^^^ 02 are semisimple representations, because their 
twists by (pQ^ factor through representations of the finite group Q xi Z/2Z. 

For the first statement, it suffices to show dimHomQx,z(Ind^^^^^ 02, Ind^^^^^ (/)2) = f. We have 

RomQ^zilTid'^^^^ 02, Indg^^^^z ^2) ^ Honic6>.z(02, Resg^''^^^ Indg^^^^z ^2) (3.3) 
by the Frobenius reciprocity. We have 

(Ce xZ)\(Q>^Z)/(C6 >^Z) ={[(g(f,0,0),0)],[(.9(f,f,C3),0)]} 

(Ce xZ)n((g(l,f,C3),0)(C6 xZ)(g(l,f,C3),0)-i) =Z>.ZcOxZ 

where [•] denotes an equivalent class. Hence, we obtain 

Resg;,^, Indg;,", 02 ^ 02 ® Indg«,f 0'^ (3.4) 

where 0'2((ff,n)) = 02((5(1, 1, Ca), 0)-i(g, n)(5(l, 1, Ca), 0)) for (5,^) G Z x Z. We have 

Honic6xz(02,Ind|'^^2^02) - Hom2>^z(02|zxiz, 02) = (3.5) 
by the Frobenius reciprocity. By p.3p . p.4p and p.Sp . we have 

dimHoniQ>,z(Indg^''^^2<^2,Indg^''^^x'?^2) = 1- 

For the second statement, it suffices to show dimHomQxiz(Indp^^ 0i, Ind^^^^^ 't'2) — 1. This follows 
from 

C\(QxZ)/(C6xZ)-{[(5(f,0,0),0)]} 
by the similar arguments as above. □ 

We define by the kernel of 5*. Then we have Tq\Qx2Z — by the definition of and p.2p . 
In particular, Tq is irreducible. 

Lemma 3.2. We have an isomorphism Tq\Qgy,2, ~ Ind^**^^ 0i. 

Proof. By Lemma 13. 1[ we see that lnd^^^0i is a direct sum of a two-dimensional irreducible 
representation and a four-dimensional irreducible representation. Hence, we see that lnd^**^^0i is 
irreducible. We have 

dimHomQ3>,z(Indg«^^0i,Resg^^^^^Indg^^0i) = dimHomQ>,z(Indg^^ 0i, Indg^^ 0i) = 2 

dimHomQgx,z(Ind^''''^0i,Res^^''^2lnd^^''^^2'?^2) = dimHomQx,z(Ind^''^ 0i, Ind^""^ 02) = 1 

by the proof of Lemma l3. II Therefore, we obtain the claim by the definition of r^. □ 

For a representation tt of a group G on y and g & G, the trace of 5 on is denoted by tT{g; tt) 
or tr(5; V), and the determinant of g on V is denoted by det(g'; tt) or det(g; V) 

Lemma 3.3. The representation Tq is the unique representation satisfying Tq\Qx2Z — Tq and 

tr((ff(l, Ca, Ca), 1); Tq) = -{-2)^q-\ (3.6) 

Proof. There are two representations of Q x Z extending t^, and one is a twist of another by the 

character Q x Z — ^ ; {g,n) 1-^ (—1)". Therefore, the uniqueness in the statement follows. 

It remains to show that Tq satisfies (|3.6I) . Let C be the subgroup of C generated by (5(1, Ca, Ca), 1), 
and C" be the subgroup of C generated by (g(l, 0, 1), 4). We have C" C C", because (g(l, 0, 1), 4) = 
(g(l,Ca,Ca),l)^ 
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Then we have 

C\{Q mC = {[(g(l, 0, 0), 0)], [(5(1, Cs, Cs), 0)], [(^(Ca, 0, 0), 0)]}, 
C'n ((5(C3,0,0),0)C(g(C3,0,0),0)-i) = C" c Q X Z. 

Hence, we obtain 

Resgr^lndg^^0i ~ ® (/-'i ®lndg;,(0i|c") (3.7) 
where </)'i((g,n)) = (/)i((5r(l,C3,C3),0)~^(5,n)(5(l,C3,C3),0)) for (5,72) eC". Therefore we have 

tr((g(l,C3,C3),l);Indg>^"</.i) = ^ - ^ = ^^^^^ (3-8) 

using 

(3(1, C3, C3), 0)-^(.9(i, C3, C3), i)(g(i, C3, C3), 0) = (.9(1, C3, Cs), 1)^(5(1, 0, 0), -2). 

By C'\{Q -A T)I{C(, X Z) = {[(.g(l, 0, 0), 0)]} and C" n (Ce x Z) C", we obtain 

Resgr^Indg;,^^</)2 ^ Indg;,(02|c")- (3-9) 

Therefore we have 

tr((5(l,C3,C3),l);Indg;,^2(/.2) = 0. (3.10) 
The equation JSJl) follows from (jSH) and (|3TT0)) . □ 
Lemma 3.4. FFe /laiJe det(((7, n); r^) = g^" /or (g, n) e Q xi Z. 

Proof. First we are going to show that detr — 1. We see that detr factors through Q/Qs, because 
Q/Qs is the maximal abelian quotient of Q. By p.2p . we know that r is self-dual. Hence, the 
character of Q/Qs induced from detr is trivial. Therefore, we have detr = 1. Then we see that 
detr, factors through Z, because detr = 1. 

First, we assume that / is even. Then wc have det(^{g{l, 0, 0), 1); r^) = q^^ , and this shows the 
claim. 

Next, we assume that / is odd. Then, it suffices to show that det(((7(l, ^3, ^3), 1); r,) — q^^ . 
This follows from (|3.7p and (|3.9p . because ^I^ is surjective. □ 

Let £ be the elliptic curve over F2 defined by + z = w'^. Then (^(a, /3, 7), r) G Q x Z acts 
on ffcac by {z,w) i-> (z'' + a^^l3w'^ + a^^^,a{w'' ' + (a~-^/3)^)). The action of Q x Z gives a 
representation (£feac , Q^) of Q x Z by the puUback by the inverse. For a representation V oi Q xZ, 
and an integer m, we write V^(m) for the twist of V by the character Q x Z 9 (g, n) 1— > g^™". 

Proposition 3.5. W^e /lai^e an isomorphism i7^(£fcac,Q£)(l) ~ r^ as representations of Q yiZi. 

Proof. Let fr2m be the 2™-th power geometric Frobenius map of Ek^-^ for any positive integer m. Then 
we have tr(fr;; iJi(£fcac,Q^)) ^ q_and iY{hl-H^{8k-.Mi)) = -4 by |£:(F2)| = 3 and \£{¥i)\ = 9. 
Hence we obtain tr(fr;; ^^(ffcac, Q^)) = ((-2)i/2)/ + (-(-2)i/2)/. 

As Q-representations, iJ^(£fcac, Q^) ~ r by [ITl Lemma 7.7]. Then we have i?^(ffeac, Q£)(l) ~ r^ 
as representations of Q x 2Z, because 

tr((5(l, 0, 0), 2); H\£k^.Mt){l)) = tr((ff(l, 0, 0), -2)*; H\£k^. Mi))q-^ 

= tr(fr;.;iji(£:fcao,Q,))g-2 = 2(-2)-^' 

for (5(1,0,0),2) e g X Z. _ 

First, we consider the case where / is even. Then Z x Z acts on i/^(£fcac , Q|)(l) by scalar 
multiplications. Hence we have iJ"'^(ffcac,Q£)(l) ~ r^, because 

tr((g(l, 0, 0), 1); H\Eu^.Mi){l)) = H\Ek^. Mt))q-' = 2(-2)-f'^ 
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for (5(1,0,0),1) G g X Z. 

Next, we consider the case where / is odd. It suffices to consider the case where / = 1, because 
the claimed isomorphisms for general cases are induced from the isomorphism for this case by the 
group homomorphism Q x Z — > Q x Z; (g, rt) i— > {g, fn). 

We assume that / = 1. It suffices to show that H^{£k^c^Q^)[l) satisfies the conditions in Lemma 
13.31 We have already checked the first condition. Let Fr2,£ be the absolute 2-th power Frobenius 
map on ffcac . By the Lefschetz trace formula, we have 

2 + l-tr((.g(l,C3,C3),l);if'(ffc»o,Q,)) = |{Pe£(fc-) I ((.g(l,C3,C3),l)-'oFr2,£)P = P}| 
= \{{z,w) e k""" X k""" \z^ + z = w^, z = + C^w^ + C3, w = w2 + C3}| + l 
= \{{z,w) e k""" X k""" \ z^ + z = w^, + CW +C,z - 0, ^2 +w + (3 = 0}| + 1 = 1. 

Therefore, the condition (13. 6p is satisfied for i/^(£feac, □ 

Let Tc_' be the representation of Wk induced from the {Q x Z)-representation Tq by O^/. We say 
that a continuous two-dimensional representation V of Wk over is primitive, if there is no pair 
of a quadratic extension K' and a continuous character x of Wk' such that V ~ Ind{^^^ x- The 
representation tqi is primitive of Artin conductor 3 by [ITI Lemma 7.8]. 

4 Realization of correspondence 

Let X2 : — > be the non-trivial character. We put 



^={(c rf)^^^2(0/f) c = Omodp|, 'P= |(^" J^e3 a = rf = Omodp| 



(4.1) 



and [/] = l-f *P C M2(Ok)- We put L ^ K{lp) ^ D, and consider L as a i^-subalgebra of NhiK) 
by the embedding 

L^M2{K)-^^ (^^ . (4.2) 

We put U\j = 1 + tpOo- We take an additive character ij^K'- K — > such that %I^k{o) = {x2 ° 
Trfe/]Fj(a) for a e O/^. 

For a finite abelian group A, the character group Homz(A, ) is denoted by . Let (' E k^ , 
X € {k^y and c e . We define a character A^>^^^c- I^^U-^ — ^ by A(^'_^_c(</') = — c, A^'_^_c(a) = 
x{a) for a G and 

Ac',x,c(^) = ('/'/fOtr)(C'"2^-i(x-l)) 

for x G C/i. We put tt^'^^.c = c-Ind^x^//^' ^C'.x.c- Next, we define a character 9qi^j^,c'- L^U]j ^ 
by 6'c',x,c(¥') = c, 6l^',x.c(a) x(a) for a G and O^.^^^dd) = (X2 o Trfc,/Fj(C'"^'«2(rf)) for d G J/i,. 
We put pc'a.c = Indfx[/i^ ^C'^x.c- 

Proposition 4.1. For C' G fc^, X G (fc^)^ ariii c G Q^, we have JL(p^/.^^c) = 7''c'.x,c- 
Proof. This follows from BH, 56.5], because 

iijKoTrdD/K){C-'^-Hd-l)) = (X2oTrfe,/Fj(C'"'/«2(d)) 
for deU}j. □ 

For c G Q^"" , let : ^ Q^^ be the character defined by (f>cicT) = c"' . For C' G fc"" , x e (fc^^ )'^ 

and c G , we put t;^' ,x-c = '''C ® {x° ^) ® 4'c- For a representation F of a Weil group and an 
integer m, we write V{m) for the m-times Tate twist of V . 
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Theorem 4.2. For C' G fc^, X G (k'^Y and c e Qf , we have 
as representations of Wk x . 

Proof. Let C'Gfc^,xG(fc^)^ and c e Q^. By Proposition 11.11 and Proposition UTTJ we know that 

for some two-dimensional M^/^-representation r'. First, we will show that t' = r^'^^.c- 
We put = lim^^ i^ip") R^. , Qt) and 

X X D^^f = {{g,a,d) e GLaW x Wk x D"" \ \det{g)-' -NTdn/K{d)\K ■ k| = l}. 
Then we have 

C Hom^, (p3) (c-Ind^^ ^^3) >< (^.^ x Dx )o ^x, ^C',x,c) 



i(p3)x(WicxDx)0 
C Hom^^ (c-Ind|^^^,^;, )„i?l (Xi (p^) , Q,), Q,) , 



where the last inclusion follows by taking the _ftri(p"^)-invariant part, because the conductor of t^Cx.c 
is three. Hence, we obtain 

r' ~ Hom(p(^/,x,c,HomGL2(A:)(-ffLT>7rc',x.c)) 

C Honi^x (pc'.x,c, (cTnd[^;<^^;,)oi?c'(Xi(p=^)^..,Q,))*) (4.3) 
^ Hom^x (c-Ind|^^^^^;.)„i/i(Xi(p3)^^^,Q,),p*, ^^^) 

Hom^x (c-Ind[^^x^^;. )o ( ' (Kc ' ^^)* ("1)) ' Pc',x,c) - 

where the last isomorphism follows from jITl Proposition 7.3, Proposition 7.9 and Theorem 7.16] by 
studying only 0]^-actions. As vector spaces, the last space is isomorphic to 

Hom^x(c-lndg(0 i/i(X^_^„Q,)*),p*,,^^,) ^Hom^x(0 (Kl^, MiT , Pc ,xM) 

which is two-dimensional by [IT, Proposition 7.9]. Hence, the inclusion in (|4.3p is an equality. 
Therefore it suffices to show that there is a non-trivial homomorphism 

as representations of Wk x . By the Frobenius reciprocity, this is equivalent to give a non-trivial 
homomorphism 

in',x.c(^pc',x.c)\iw^xD-r H\x.l^,Me)ii) 

as representations of {Wk x D^)^. We put 

{O^ X WkT = {id,<j) eO^xWkI Ki{d)~X, = 1} 
and consider this group as a subgroup of (Wk x D^)'~' by the isomorphism (|2.ip . Then we have 
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because, by Proposition 12.11 the action of x Wk on lJ(c cOe^s "^C C Permutes the connected 
components transitively, and {O^ x Wk)'^ is the stabihzer of the connected component . Hence, 
we have 

Hom(vi.^xDx)o((Tc' ,X.c ® PC ,x,c)\{Wk xDx )0 j 

- Hom(^x^^^)o((re,x,c®Pc',x,c)l(ox^^y^)o,i?^(Xi^^,,Q^)(l)). 

Since Ti^',x,c PCx.c - ^^'^Wkxl^u^ ("^Cx.c ® ^C',x,c) and (O^ xi Wk)° C Wk x L""!/^, we have a 
non-trivial homomorphism 

by the Frobenius reciprocity. Hence, it suffices to show there is a non-trivial homomorphism 

as representations of {O^ x Wk)°. We put Wj^ = {(A-\ cr) € {O^ x 1^;^ )0 | a G W^k}. We consider 
C/^ as a subgroup of (O]^ x WkT by identifying d e U}) with (d, 1) e (O];, x Wk)°- Then we have 
an isomorphism 

(rcx.c ® ^C',x.c)ki, ^ H\X:;^^,,Qi)il)\w', 

as representation of W'l^ by Proposition l3.5l and the definition of t^'.^ c and O^^x-c- This isomorphism 
is compatible with the action of C/^ by Proposition 12.11 and by Proposition 13.51 Then this is an 
isomorphism as representations of (O^ x Wk)'^ , because (O^ x Wk)'^ is generated by and Ujj. 
Thus we have proved that 

llomD>^{pc\x,c,ilomGL2{K){HlT,TTc,x,c)) - Tc\x,c- (4.4) 

By (|4.4p . we see that Homg2,2(K)('f^LT' ""Cx-c) is an irreducible representation of Wk x . Let 
^ be the character defined by CM) = c^(Nrdo/K(<i))_ gy gju^ j^^^^g 

Hom£,x «'C^HomGL2(i^)(^LT:7^c',x,c) «) C(-2)-//2 ® (x° A)"^ ^C^) 

- Tc,x,c C(-2)-//2 ® ° ^)"^- 

Then we see that t^',x,c <8i ?^J(^2)-//2 ® (x o A)~^ and pc,',x,c ® ic^ factor through representa- 
tions of Q X Z/2Z and /{w'^{\ + vjOd)) respectively. Hence, the {Wk x £'^)-representation 
Hom(3i2(i<-)(_ffLT' ""Cx^c) ® 4>~(^_2)-i/-2 ^ (x° A)~^ factors through a representation of the finite 

group (Q X Z/2Z) x (L>^/(tx7^(l + wOd))). Then we have 

HomGi^(^)(i7j'^T> 7rC',x,c) «) C(-2)-//2 (X o A)-^ ® Cc"^ 

- (^C':X,c ® C(-2)-//2 ® (X ° ^)"^) ® ifiCx-c ® C^) 

because an irreducible representation of a product of two finite groups is isomorphic to a tensor 
product of irreducible representations of the two groups. Therefore, we have the claim. □ 

5 Local Langlands correspondence 

In this section, we prove that the correspondence in Theorem 14.21 actuallv gives the local Langlands 
correspondence . 

We write G2{K, Qf) for the set of equivalent classes of two-dimensional semisimple Weil-Deligne 
representations of Wk over Q^, and Iit{GL2{K),Qj^) for the set of equivalent classes of irreducible 
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smooth representations of GL2{K). For tt € Irr(GL2(^), Q^), let denote the central character of 
TT. Let LL^: tJ2(-fi^, Q^) — >■ Irr(GL2(^), Qf) be the £-adic Langlands correspondence (c.f. jBH[ 35.1]). 
If we take an isomorphism t : ~ C, then 'r and '^tt denote the representations over C associated 
to T and TT by t respectively for r e ^2(^7 Qf) and tt G Irr(GL2(-f^), Q^)- We use similar notations 
also over a finite extension of K . 

Remark 5.1. The £-adic Langlands correspondence lAjg satisfy that i^LL£(r) o Art^"'^ — (det t)® \-['^ 
for T e G2{K,Qf). If we take an isomorphism l: ~ C, then we have 

£(^,5,^^) =£CLL,(t),s + 1/2,V) 
for any non-trivial additive character ijj: X — > . 

For a finite extension K' of we define an additive character ipK' '■ K' — > Qi by tpK' — 
4'K ° T^^K'/Kj and let vk' be the normalized discrete valuation that sends a uniformizer to 1. 

We take (' G . We simply write ir^i, A^/ and t^/ for 7r^',i.i, A^/.i_i and t^'.i,i respectively. 
We put F = K{C"tu^^^) and L' = F{ip). We define 5i=^,«PF C AhiOp) similarly to J and *P as in 
(j4.1l) . We put U^^ = 1 +''^p for any positive integer i. We consider L' as a i^-subalgebra of M2{F) 
similarly as (|4.2I) . We put Ef/k = (— l)''^- 

Let ttf.c;' be the tame lifting of 71,^1 to F. See |BHI 46.5 Definition] for the tame lifting. We define 

a character Af,c': L'^U^^ by 1^f.,C'{x) = e^j^j ^^^'^ kc.' {^"i: L' / for x e L' and AF,c'(a;) = 

(V'F o tr)(C'-V^n2; - 1)) for X e Ul^. Then we have ttf.c = c-Ind^,^^^^ ^F-<' EB 46.3 
Proposition] and the construction of the tame lifting. 

We will describe the restriction of r^' to Wp- The field F corresponds to the subgroup Qf^ yi'L 
of g XI Z. 

First, we consider the case where / is even. We put /io(a;) — x"^ — x. Then we have ho{S'^ — 6) = 
l/(C"roi/3) (mod 3/4). Hence we can take S2 e F{S) such that ho{S2) = 1/{C"^^^^) and ^2 = S^-S 
(mod 3/4) by Newton's method. Similarly, we can take 64 G F{S) such that Sf — 64 = 62 and 64 = 6 
(mod 3/4). Then we have -^(^4) = F{d). Further, we can take 02 € F(e) such that - 02 = (5| 
and 62 = e (mod 7/12). We have F(02) ^ F{0). Then F{S2) corresponds to the subgroup C4 x Z 

of g X Z. 

Next, we consider the case where / is odd. We put hi{x) ^ x^ — x + 1. Then we have hi{6'^ — 
S + C3) = l/(C"n7i/3) (mod 3/4). Hence we can take 62 € F(C3,(5) such that /ii(^2) = 1/{C"^^^^) 
and 62 = S'^ ~ S + C3 (mod 3/4) by Newton's method. Similarly, we can take ^4 S F{(^3, S) such that 
Si — S4 + (3 = 62 and 64 = 6 (mod 3/4). Then we have F(C3, (54) = F{(3, 6). Further, we can take 
02 e F{C3,0) such that 9^-02 = Si and 02 = 9 (mod 7/12). We have ^((3,6*2) = F{C3,0). Then 
F{52) corresponds to the subgroup C of g x Z. 

We put E = F{S2)- Let (pc be the character of We induced from 0i by 8^'. Then we have 
r^/|vi/F — Ind^^ We consider cj),^! as a character of i?^ by the Artin reciprocity map Arts. 
For a finite extension K' of K and integer i, we write pK' for the maximal ideal of Ok', and put 
t7|f, = 1 + pif, . Let Em be the unramified extension over E of degree m for a positive integer m. 
Let xe/f be the character of i^^ with kernel NrF/F(-E'^)- 

For a Galois group G of a finite Galois extension of a non- Archimedean field, let G(s) and G*-*^ 
be the ramification subgroups of G with lower numbering and upper numbering. 

Lemma 5.2. We have (/'<j'(l + x) = ■!/;F(<5fa;) for x <E and xe/f{^ + v) ^ V'f((C"^"^^^)~"^2/) for 
y e PF- 

Proof. We prove the first statement only in the case where / is odd. It is easier to prove the first 
statement in the case where / is even. 

We put G = Gal{E2{0)/E). For a G Ie, can show that 

-if ^^^^-^^'^^ = ^' 

V \&J 0) \l if C3,. = 1, = 0, = 1 
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by the definition of C^, and/x„. Thenwehave Gal(£;2(6')/£;2) ^ G(o) G(i) D Q^\{Ei(e) j Ei(S)) 
Gi2) = G(3) D {1} = G(4) and 

{Gal(£;2(6')/£;2) ifO<i<l, 
Gal(£;2(^)/£;2(<5)) ifl<t<2, 
{1} if2<t. 

Tlien the restriction of to is the homomorphism 

C/| - f/|/((7|Nr^,(,)/^.((7|(,))) ^ Gal(£;2(0)/£;2(<5)) ^ Z ^ C 
by [Sil XV §2 Corohaire 3 au Theorem 1]. We define iVa : ^2 -> fc by N2{x) = TTk^/k{x)^ + 



Trfe2/fc(x). Then we can check that ^rE2{e)/E' UE2{e)/^E2(e) ^e/^e becomes N2: k2 k under 
the identifications 

U%2(e)lU%2(0) ^ ^2; 1 + O^^x ^ X and f/|/C/| ~ fc; 1 + S:^^x ^ x. 

Therefore we have <p(;'{l + x) = (x2 o T^^k/¥2)i^2^)y because ImA^2 = KerTr/^/p^- Since we have 
(X2 ° Trfc/F2)(a;) = '0-E('52a;), the first statement follows. 

We can prove the second statement similarly. □ 

Lemma 5.3. We consider C,'^'^^^^ as an element of GL2{F) by the embedding (|4.2p . Then we have 
det(C'-V"') = Nr^/f ((53) mod 
tr(C'~ V"') = iC^h'^ + TrB/F(^2 ) mod Op- 
Proof. We can check the claim by easy calculations. □ 

Let £' be the elliptic curve over F2 defined by + z = + w. Let 772, ?72 ^ be the roots of 
+ 2a: + 2 = 0. 

Lemma 5.4. We have \£{¥g)\ = g + 1 - ((-2)i/2)/ _ (_(_2)i/2)/ and \£'{¥g)\ =q + l~4~V2^- 

Proof We have proved tr(fr*;iJi(ffcac,Q^)) = ((-2)i/2)/ + (-(-2)i/2)/ hi the first paragraph of the 
proof of Proposition l3.5l The first claim follows from this. The second claim is proved similarly. □ 

If / is odd, then the map Q^i induces an isomorphism W{E^'^{9)/E) ~ G, and we write a^; for 
the composite 

£;x ^ w{E'''{e)/E) ~ G. 



Lemma 5.5. We assume that f is odd. Let Uf and rrif he the integers such that 1 < nf,mf < 2, 
Hf = (/ + l)/2mod 2 andnif = (/^ + 7)/8mod 2. Then we have Oi=;((52) = C|"^ -!)• 

Proof. Let G be the image of G in Qg x (Z/2Z). Then G is a cyclic group of order 8. Let qe 
be the composite of ap with the natural projection G — > G. It suffices to show that 0£;((52) ~ 
{g{l, Ca"^! C™^)j l)j because we know that the second component of aE{S2) is — 1- We note that the 
isomorphism W{E^'^{6)/E) ~ G induces Gal(£'2(^2)/^') — G. By this isomorphism, we consider 

(3(1,C3"^C^0,1) as an element of Gal(i;2 (6*2 )/£;). 

We write £'(□) for E in the mixed characteristic case, and -E(p) for E in the equal characteristic 
case. We use similar notations for other fields and elements of the fields. Then we have the 
isomorphism 

where ^0:Ci,C2 G fc C £'(p) and ^o,£.1t^2 are their lifts in /i^_i(i?(-o))U{0}. This isomorphism induces 
an isomorphism 

(GaliEll^/E^o))/ Gal(i?^„7/£;(o))(3))^' ^ (Gal(i?^;P/£;(,))/ Gal(i?^;P/£;(rt)(3))^^ 
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by [Del (3.5.2)]. It further induces an isomorphism Gal(i?2,(o)(^2,(o))/-E'(o)) — Gal(i?2,(p)(6'2,(p))/£^(p)) 
Then we have a commutative diagram 

^(o)/C^I<o,^^ Gal(i?2,(o)(02,(o))/i?(o)) -^C 
I I 

by [Del (3.6.1)] and the construction of the isomorphisms. Therefore, it suffices to show that 

a_E(^2) = (5(liC3"^iC™^)' 1) the equal characteristic case. 

We assume that the characteristic of E is p. We define the central division algebra Dg over E of 
degree 64 by Dg ~ 0[^o E2{e2)s' where = ^3 and sas"! = (5(1, C3"^ !)(«) for a € £;2(02). 

Let aq e Gal(_E8/-E) be the lift of Fr^. We define the central division algebra over E of degree 
64 by Dcr ~ ®[=o -^8^* where = ^2 and tat~^ = cr<j(a) for a g i?8- By the construction of the 
Artin reciprocity map, it suffices to show Dg ~ D„ to prove the claim. To show this isomorphism, 
it suffices to find s', ^4, (?2 G D„ such that 

s'^^h, 5'i - 5'^ + C,3 = ^2, 6*2^ - 6*2 = (54^, 546*2 =6*2^4, 

We put s' — t. Then s'^ — 62 and s'Cas'"^ = Cl- We take uq E ^qi_i{E^) such that Oq — oq = Cs- 
We put 5'^ = ao+t^ + f^. Then we can check that 5'^ — ^4 + Ca = '^2 using t^aQt~'^ = oq + 1. We 
can check also that tS'^t^^ ^5'^ + using taot^^ — ao + Cg^. 

We take bo e fiq8_i{Es) and 64 G yUg4_i(£'4) such that &q — &o = aoCi + Cs and 64 = oq. We 
put 6*^ = 60 + (ao + Ca)*^ + b4t* + . Then we can check that e'2^ - 6*^ = 5'^^ , 6'^e'2 = 61^(5; and 
te'^t-^ =e'2+ CT^^'i + using tbot-^ = 60 + aoCs"' + C and ^64*"^ = 64 + Ca"^ Therefore, we 
have proved the claim. □ 

In the next proposition, we show that r<^'|wy corresponds to 'Kf,C' by the local Langlands cor- 
respondence by calculating epsilon factors. We will show a correspondence over K in Theorem 15.71 
using this correspondence over F . 

Proposition 5.6. We have LL^(t(;'|wf) ~ ^fx'- 

Proof. We put LL£(T|^/) = tt^, and ljLg{Tt^>\\yp) = ^r^^'- We want to show that tt^,^/ = t^f,c'- 

By Lemma Lemma [5T51 and [BHI 44.7 Proposition], the representation Tip ^, contains the ram- 
ified simple stratum {^p, 3, C,'~'^ip~^). Then the representation tt^, contains the ramified simple stra- 
tum (-3, 1, ^'^^ip^^) by the construction of tt^, in |BH[ 50.3]. Therefore we have tt^, = c-Ind^^ [/f'' A^/ 

for a character A'^, : L^Ui ^ such that A^, — A^/ on [/j . 

Let If denote the trivial character of Wp- We put xp/K = detlnd{||^^ If- Then xp/kIwf = 
If if / is even, and >cp/x\wf is the unramified character of order two if / is odd. Hence, the 
definition of ep/j^ in [BHi 46.3] coincides with that in this paper. By |BH[ 46.3 Proposition], we 

have TTpf, = c-Ind^,^^^^-* A^^, for a character A^^,, : L'^U^^ -> such that A^^, = Af,^' on U?^^ 

and A^,.,(a;) = e^'-jl^''^ A'^,{Ntl, /l{x)) for x G L'. Hence we have A^^,(x) = 1 for a; e U^,, because 
A^,(x) = 1 for a; e C/^- Then we see that A'^;,^, = Af,^' on x S Ul,F^U^^, because A^^, = Af.c on 
by Remark |5. II and Lemma [33] 

We define Kp: F"" by Kp{x) = (-1)"^(^). Since A^_^, Afc on x e UlF^'U^^, we 

know that A'^^, = Af,<;^' or A^^, ~ Af,^' (81 (kf ° det). We take an isomorphism i: ~ C. Then, 
to show A^ ^, = Af.c', it suffices to show that eC'iTp ^, , 1/2, t o ipp) = eCttf.c , 1/2, l o ipp). We note 
that we have already known this equality up to sign. 
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In the sequel of this proof, we identify Qi and C by l, and omit to write l. By [BH[ 25.5 Corollary], 
we obtain £(7r_F^^/, 1/2, ■^i;-) = —tp/K using that 5 is the least integer m > such that W^J^^ C 
Ker Ai;-^^'. On the other hand, we have £(7r^^,, 1/2, = £(r^' Ivk^ , 0, V'f) = <r'^'^sij(^'\wF^ 1/2,'0-f), 
because the Artin conductor oiTQi\wp is three. Hence, it suffices to show that e(T^'|wj^, 1/2, -0^) — 

Let \e/f{^f) be the local constant of E over F with respect to ifjF- Let 1^; denote the trivial 
character of We ■ Then we have 

Ab/fIV-f) = e{lnd^l l^, 1/2, VF)e(lF, 1/2, Vf)^' = e(><F/F, 1/2, Vf) = xf/f(C"^'/') = eF//f 
by Lemma and [BHl 23.6 Proposition], because we have 



Nr£;/j?((52) 



-l/(C"n7i/3) if /is even, 

-l/(C"n7i/3) + i if /is odd. 



Therefore, it suffices to show that e{4>(^i ,1/2, iJje) — —q because we have £(r^'|vi/Fj 1/2, V'f) = 

e(0C''l/2,V'F)A£;/_F(V'F)- 

We define i/j'^ by V'f(^) = '4'e{S2x) for a; e i?^ . Then V'^ has level one, and we have 

xepE/p% 

by [HHl 23.5 Lemma 1, (23.6.2) and (23.6.4)] and ■0F('5f) = 1. Therefore it suffices to show that 

'l^ciSl)-' E ^C'a + S2'x)-'MSlx)^~q~\ (5.1) 

xEOe/Pe 

Note that we have already known this equality up to sign. 

First, we consider the case where / is even. Then we have '/>iC'(<5f) = (— 2)'^-^/^ by Nr£(g2)/F(^2) = 
— ^2 and Lemma [Ol Hence, it suffices to show J2xeOE/PE '^C'(l + ^2^^)^^^EiS2x) = — (— 2)-^/^. 
For ^ € fc, the Teichmiiller lift of ^ is denoted by ^. We have 

A' (1 + ii' + ^')S2' + ii + f + ^~')'^2"') = 1, h' (1 + (e' + tW) = 1 (5.2) 

for ^ G fc, since 

NrB(e,)/F(l + iS^O^') ^ 1 + (f + hS^' + ii + f + i')S2' (mod 1/2), 
NrB(e,)/F(l + iSje^') = 1 + (e' + e')'52"' (mod 1/2). 

Therefore we see that (1 + S2^x) = ±\/—l for a; e O^; if i 7^ + for any ^ e fc. Then we have 

E 0C'(1 + 5,'xy'ijE{Six) = i ^ 0^,(1 + (f _^ |4)5-l)-l^^(^2(|2 ^ ^~4))^ 

since we have already known that 'J2xeOE/PE '?^C'(1 + <52'^^)~^'/'f(<^2^) = ±(— 2)^''/^ G Q. We have 

E'^c'li + ie + hs2T'^Em' + i')) -T.^c'{^ + i%')Msiii' + i')). 



smce 



c (1 + ii' + i')s^T' = A'{^ + ii + + i'W') = k' (1 + 
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by (|5.2p . Further we have 

E (1 + i%')Msue + f )) = E x2(Tr,/F.(e' +e+ e)) 

= Ex2(Tr,/r,(C^)) = -2(-2)//2 

by Lemma [5?2l because KerTr^^/p^ = + | ^ G fc} and 

e A:^ I + X - y'}\ - |£(F,)| - 1 = g - 2(-2)//2 

by Lemma 15.41 Thus we have the claim in the case where / is even. 

Next we consider the case where / is odd. We define Uf and ruf as in Lcmma l5.5l We treat only 
the case where nf = mj = 1. The other cases are proved similarly. 

We assume that Uf = ruf = 1, which is equivalent to that / = 1 mod 8. By Lemma 15.51 and the 
definition of , we have (/)^'((52) = q/rj. Hence, to prove (|5.ip . it suffices to show J^xgOe/pe 'f'C'i^ + 
d2^x)~^ipE{S2x) = —q^ri~^. We have 

(i + TTE^/Eii' + i')S2' + {TTE^/Eii + i'ci + + i%) + ^rE,/E{i' + i'))s2^) = i, (5.3) 

cj,^, (1 + TvE^/Eii^ + i')S2^) = 1 (5.4) 
for ^ G A;2, since 
Nr£;,(e,)/£;(1 + iS.e^') =1 + TrE,/E{i^ + t^S^' 

+ {T^^E,/E{i + + + i%) + ^rE,/E{i^ + i'))^^' (mod 1/2), 

Nr£;,(e,)/£(1 + iSje^') =1 + TTE^/Eii' + ^^2' (mod 1/2). 
By (j5.4p . we have 

0C'(l + (e + f)'52"') = l (5.5) 
for ^ e fc, because Tr^^/fc is surjective and Trfe,/fe($2 ^ ^ rp^.^^^^^_e-)2 Trfc,/fe(C)** for ^ e fe- 
Then, by ((O)) and ((^ . we have 

</'C'(l + (e' + e')'^2-' + (e + e')'52"') = 1 (5.6) 

for ^ e /c, because 

Trfe,/fe(C3) + Nr.^Me + = Trfe,/fe(C)^ + {^rk.Jkie) + C'^' 

+ (Nr,,/fc(e^)+e'+iTr(0)' 

for ^ e k2. We have (/)(;'((5| + (52 + 1) = —q, since NrB2(e2)/-B(^2/<54) = (5| + (52 + 1. Hence, we obtain 
0^'(1 + (52^^ + 52"^) = —rfq^^. Therefore we have 

'/'c'(i + (e' + 1 + i)52')-'i^E{5l{i^ + 1 + 1)) = -^A'i^ + (f + t)S2Y'^E{si{i' + e^)), 

since we have (?!)(;' (1 + i52^^) = '0-e('52) = '/'^('^i) t>y Lemma [5.21 Then we have 

E <^c'(l + '52-':^)-Vi^('52'a:) = i(l - 4) ^0^,(1 + (^'2 )(5-i)-Vi^('52'(f +I')), 
x£Oe/ve ^ ?efc 

because ^ € KerTrfc/^a = {^'^ + \ C ^ k} if and only if ^ + 1 ^ Ker Tr^/F^ . Therefore, it suffices 
to show that 

E '^c'd + (f + i')S2Y'^^Ei5i{i' + h) = -(-2)(^+^)/^. 

?Gfc 
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On the other hand, by (|5.6p and Lemma [5.21 we have 

because KerTr^/F^ = + | ^ G A;} and 

y) e A:^ I + X = ?/ + y}\ = |£'(F,)| - 1 = 9 - (-2)(/+i)/2 
by Lemma 15.41 under the assumption / = 1 mod 8. Thus we have proved the claim. □ 
Theorem 5.7. For C' G fc^, % G {k^Y and c G , we have LLe{Ti^i ^^_c) = ^C',x,<:- 



Proof. We may assume that x = 1 Siiid c = 1 by character twists. By jBHi 50.3 Lemma 1 and 
(50.3.2)] and Proposition 15. 6[ it suffices to show that A|j'|^x o Art]^^ = (detr^/) (g) |-|~^, A^,|[/i = 

^F,c'\u] ^-nd A^, (x) = e'plj^'^ Ap^i^r{x) for x £ . The first equality follows from Lemma [3.41 and 
Remark 1 5. 11 and the third equality follows from the definition of Kf.q'- 
We are going to show the second equality. We put 



a = d=l, 6 = 0modp;., C/^' = <j ( J 



Then we have A^, jfj^ = ^f,c_'\u'- by the definition of A,^/ and Af,c_': because U'~^ C U~^p- On the other 
hand, we have 



for & G Ok- Therefore we have the claim, because U~, is generated by U'~, and U~,. □ 
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